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Dynamical behavior of Lagrangian systems on Finsler manifolds
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In this paper we develop a theoretical framework devoted to a geometrical description of the behavior of
dynamical systems and their chaotic properties. The underground manifold is a Finsler space whose features
permit the description of a wide class of dynamical systems such as those with potentials depending on the
time and velocities for which the Riemannian approach is unsuitable. Another appealing feature of this more
general setting relies on its very origin: Finsler spaces arise in a direct way on imposing the invariance for time
reparametrization to a standard variational problem. A Finsler metric is a generalization of the well-known
Jacobi and Eisenhart-metrics for conservative dynamical systems. We use this geometry to derive the main
geometrical invariants and related expressions that are needed to establish the transition to chaos in very
general Lagrangian systems. In order to point out the versatility and the effectiveness of this extension of the
geometrical approach, we suggest the introduction of this formalism to some interesting dynamical systems for
which the Finsler metric is much more suitable than the Riemannian one. In particular, we present the
following: ~i! an exhaustive description and numerical results for a resonant oscillator with a time-dependent
potential,~ii ! an exact description~without any approximation! of the dynamics of Bianchi type-IX cosmo-
logical models, and~iii ! a geometrical description of the restricted three-body problem whose effective poten-
tial depends linearly on the velocities. In the first case, the numerical integration of the geodesics and geodesic
deviation equations shows that in the geometrical picture the source of the exponential instability of trajectories
relies on the mechanism of parametric resonance and does not originate from the negativity of curvature.
@S1063-651X~97!05305-1#
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I. INTRODUCTION

The goal of understanding the qualitative behavior of d
namical systems has often been pursued by studying
properties of a corresponding geodesic flow obtained b
suitable ‘‘geometrization’’ procedure@1#. However, while
many rigorous results concerning the global picture of
motion have been obtained in the case of systems wh
geodesic-flows involve strictly negative curvature, identi
ing also their statistical properties@2# there are few results
for generic systems with non-negative curvature. The
tempts made in these cases~see@3,4# and references therein!
have been based on the study of~exact or approximate!
forms of the geodesic deviation equation, trying to estab
the link between the long-time behavior of trajectories a
some suitable averages of geometric invariants. Despite
fact that these results are yet not complete and a rigo
setting is still being sought, the geometric approach is pro
ising, however, and deserves more attention.

The purpose of this paper is to illustrate~also through
somerealistic physical applications! a more general geom
etrization procedure based on the study of geodesic fl
over Finsler manifolds@5#. The need of a generalization o
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the Riemannian approach to chaos emerges when the
namical structure differs from the ‘‘standard’’ one, as in t
case of non-Hamiltonian systems or when there is a
purely quadratic dependence on velocities or momenta.
interesting aspect of the application of Finsler geometry
that it allows the treatment of a wider class of Lagrang
dynamical systems, such as those with potentials depen
on time, with gyroscopic~i.e., velocity-dependent! terms and
without positive-definite kinetic energy. The Finsler metric
a generalization of the well-known Jacobi metric, used
reduce the motion of a conservative system to geodesic
tion over a conformally Euclidean manifold@3,4,6#. The
greater generality of the Finsler metric is due to the fact t
the metric tensor depends on velocities as well as coordin
and, despite the drawback of having more involved expr
sions for geometric invariants~the metric is in general no
diagonal and the components of the connection also dep
on velocities!, it is not difficult to obtain a description of the
qualitative behavior of a generic Lagrangian system by
ploring the stability of the solutions of the geodesic deviati
equation.

The actual starting point for this survey was the attem
towards a successful geometrization of Bianchi IX cosm
ogy, to investigate the very nature of its approach to
singularity, the character of which has been controversial
quite some time@7#. It is generally accepted that the sourc
of these controversial results lie in the gauge freedom
posed by the general relativity and consequently on the t
variable chosen. There have already been several atte
towards a geometric or intrinsic characterization of the d
6448 © 1997 The American Physical Society
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55 6449DYNAMICAL BEHAVIOR OF LAGRANGIAN SYSTEMS ON . . .
namics, and more recently other geometrical approaches@8#
have been applied, essentially using the Jacobi geometry
all these are subject to conceptual and technical shortc
ings that do not allow completely reliable predictio
@9,10,5~b!#. As shown below, the use of Finsler geometry
passes the problems caused by the singularity in the kin
energy term of the Arnowitt-Deser-Misner Hamiltonian@11#,
thus removing the main source of trouble with the Jac
metric. Moreover, it is just in the framework of general re
tivistic theories that the Finslerian description of dynam
reveals its major merits. Indeed, Finsler spaces natur
arise when the invariance for reparametrization of time
imposed on a standard variational problem, this ‘‘built-in
invariance makes the use of Finslergeometrodynamicsthe
best choice to cope with such theories.

Besides this, the range of applicability of the Finsleri
approach is wider than what the peculiarity of Hamiltoni
cosmologies requires. It can, in fact, be used to analyze ti
dependent systems, leading in a natural way to a geod
flow over an extended configuration manifold: As an e
ample of this application we illustrate below the simple b
paradigmatic case of the time-varying frequency harmo
oscillator. However, it is quite straightforward to study g
roscopic Lagrangians, such as that associated with the
stricted three-body problem in the rotating coordinate s
tem.

The plan of the paper is as follows. In Sec. II we give
brief overview of Finsler geometry. In Sec. III we present t
relation between Lagrangian analytical mechanics and g
desic flows over Finslerian manifolds. In Sec. IV we discu
the applications mentioned above. In Sec. V we concl
with the presentation of forthcoming results and possible
velopments.

II. FINSLER GEOMETRY

In this section we briefly describe the main properties
Finslerian-manifolds@5#, which can be considered a gene
alization of Riemannian spaces because of the dependen
the line element on both the coordinatesxi and velocities
x8 i5dxi /dw, wherew is an arbitrary time parameter. Th
line element is defined as

dsF
25L2~xi ,x8 i !dw25gi j ~x

k,x8k!dxidxj ,

gi j5
1

2

]2L2~xk,x8k!

]x8 i]x8 j
. ~1!

Note that if L2(xk,x8k)dw25gi j (x
k)dxidxj , the manifold

reduces to a Riemannian one. The functionL(xi ,x8 i) must
satisfy the conditions:

L~xi ,kx8 i !5kL~xi ,x8 i !, k.0, ~2!

i.e., L(xi ,x8 i) is a positively homogeneous function of d
gree 1 inx8 i ,

L~xi ,x8 i !Þ0, ; x8 iÞ0, ~3!

and, moreover, if a sign definite metric is required,
ut
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]2L2~xk,x8k!

]x8 i]x8 j
j ij j.0, ;j iÞlx8 i . ~4!

The geodesic equations, formally analogous to the R
mannian ones, written in terms of the conformal parame
s are

x9 j1g hk
j ~xi ,x8 i !x8hx8k50, ~5!

where

ghk
j ~xl ,x8 l !5

def 1
2 gi j S ]gih

]xk
1

]gik
]xh

2
]gkh
]xi D ~6!

are the generalized connections. The geodesic devia
equations@5# only formally analogous to the Riemannia
ones, are given by

d2zi

ds2
1Kjhk

i ~xi ,x8 i !x8 j x8hzk50, ~7!

whered/ds is the so-called delta differentiation

dzi

ds
5
dzi

ds
1gh j

i x8hzj ~8!

andKjhk
i (xi ,x8 i) is one of the various curvature tensors th

can be defined in a Finsler manifold. Its expression conta
terms involving the derivatives with respect to the velocit
in addition to the usual terms in the Riemann tensor. It
defined by

Kjhk
i ~xi ,x8 i !5

defS ]G jh*
i

]xk
2

]G jh*
i

]x8 l
]Gl

]x8k
D 2S ]G jk*

i

]xh
2

]G jk*
i

]x8 l
]Gl

]x8h
D

1Gmk*
i G jh*

m2Gmh*
i G jk*

m , ~9!

where

Gi5
def

1
2g jk

i x8 j x8k, ~10!

Gk j*
h5
def

gk j
h 2gihSCjil

]Gl

]x8k
1Ckil

]Gl

]x8 j
2Ckjl

]Gl

]x8 i D ,
~11!

Ci jk5
def 1

2
]gi j
]x8k

. ~12!

In the Riemannian casegi j5gi j (x
i) and the curvature tenso

Kjhk
i reduces to the Riemann tensor.
As in Riemannian geometry@3#, we define astability ten-

sor

Hi
k5
def
Kjhk
i x8 j x8h. ~13!

As shown below, this tensor contains all the informati
about the dynamical behavior of the system and in particu
determines thepossiblechaotic properties.
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III. DYNAMICS ON FINSLER MANIFOLD

The Finsler geometry is particularly suited to describe L
grangian systems for which it provides the tangential sp
with a metric @5#. In the analysis of a dynamical system
L(xi ,x8 i) is assumed to be the homogeneous Lagrangian
riving from the standard LagrangianL(t5x0,xa,dxa/dt)
(a51,...,n) via the correspondence

L→L5LS xi , x8a

x80D •x80, x8 i5
dxi

dw

~ i50,...,n; a51,...,n!, ~14!

leading to a homogeneous function of first degree in
velocitiesx8 i . Thus, for a dynamical system withn degrees
of freedom, the corresponding Finsler space is
(n11)-dimensional manifold. Note thatL(xi ,dxi) is invari-
ant under a rescaling of thetime parameterw. In fact, if
w1 and w2 are two different parameters, then due to t
property~2! it follows that

LS xi , dxidw1
Ddw15LS xi , dxidw2

Ddw2 . ~15!

The n11 Euler-Lagrange equations for the homogene
Lagrangian are equivalent to then equations of motion and
an additional one involving the time derivative of the energ

From Eq.~1! it follows that the line element is

ds5LS xi , dxidwDdw, ~16!

so that if we make the conformal choice of time parame
w5s, then

ds

dw
5LS xi , dxidwD[1 ~17!

andx8051/L. In fact,

~x80!215
ds

dt
5LS xi , dxidt D5LS xi , dxa

dt D . ~18!

In order to study the dynamical behavior of a wide cla
of n-dimensional systems, we specialize our analysis to
systems described by the Lagrangians

L5T2(
a

f a~xi !ẋa2U~xi !, a51,...,n; i50,...,n,

~19!

whereẋa5dxa/dt and

T5
1

2(
a

aa~ ẋa!2, ~20!

where aa are real constants and both the potentialU
5U(xi) and the functionsf a5 f a(x

i) depend in general only
on the spatial coordinatesxa and timet5x0. Moreover, we
assume coordinates in which the kinetic-energy matrix is
agonal. In contrast to Sec. II, the summation convention
not assumed here. The above class of Lagrangians is
-
e
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general and includes conservative systems, systems w
potential depending on the time and/or on velocities, a
even systems with a Lorentz signature in the kinetic part l
the ones coming from general relativity~see, e.g., Sec. IV B
below on Bianchi IX cosmological models!. From Eqs.~14!
and ~19!, one obtains the homogeneous Lagrangian

L5
T

x80
2(

a
f a•x8

a2U•x80, ~21!

where

T5
1

2(
a

aa~x8a!25T~x80!2. ~22!

A. Deriving the Finsler metric

In order to derive the Finsler metricL or, equivalently,
the LagrangianL must be sign definite. If this is not the cas
one can make it so by adding a constant to the potential
gauge function to the LagrangianL

L̃5L1
dG~xi !
dt

~23!

since the equations of motion are the same forL andL8.
So, starting from a Lagrangian satisfying conditions~2!–

~4!, the covariant components of the Finsler metric are ea
evaluated using the definition~1!,

g005
3T2

~x80!4
1U22

2T

~x80!3 (
a

f ax8
a, ~24!

gaa5S aa

x8a

x80
2 f aD 21aa

L

x80
, ~25!

g0a52S T

~x80!2
1U D S aa

x8a

x80
2 f aD2aa

x8a

~x80!2
L,

~26!

gab5S aa

x8a

x80
2 f aD S ab

x8b

x80
2 f bD . ~27!

The determinant of the metricgi j is

g5
Ln12

~x80!n12 )
a

aa . ~28!

The contravariant components are

g005
~x80!2

L3 F3L12Ux801x80(
a

f a
2

aa
G , ~29!

gaa5
x80

L3 F 1aa
S T

x80
2Ux80D 21~x8a!2S L

x80
12U D G

1
2x80

aaL3 (
bÞa

F f b
2T

ab
2 f bx8

bS T

x80
2Ux80D G , ~30!
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g0a5
x80

L3 •F2x8a~L1Ux80!1x80
f a

aa
L1x80x8a

•(
a

f a
2

aa
G ,

~31!

gab5
x80

L3 •Fx8ax8bS L

x80
12U D22T

f a

aa

f b

ab
1S T

x80
2Ux80D

3S f a

aa
x8b1

f b

ab
x8aD G . ~32!

Note that, in contrast to the Jacobi and Eisenhart metrics
Finsler metric is not diagonal even for conservative syste

With this metric the equations of motion are reduced t
geodesic flow on a Finsler manifold. Since we are interes
in behavior along geodesics, in what follows we use the c
formal time parameters so thatx8 i5dxi /ds andL[1.

B. The stability tensor

The stability tensor defined by Eq.~13! and all the geo-
metrical quantities that are involved in the geodesic dev
tion equation have been defined in order to study the
namical behavior of a Lagrangian system. We define
expressions

A5
def

2
1
2
dL
ds , ~33!

B5
def dA

ds1x80A2 ~34!

and notation

Q,i5
def ]Q

]xi
, Q,8 i

5
def ]Q

]x8 i
, Q,i j5

def ]2Q

]xi]xj
; ~35!

~¹*Q!25
def

(
a

~Q,a!2

aa
, D*Q5

def

(
a

Q,aa

aa
. ~36!

The components of the stability tensor defined by Eq.~13!
are

H0
0523~x80!2A21Bx80S 11

2T

x80
2(

a
f ax8

aD 1~x80!2

3S dA,80ds
22A,0D1~x80!2(

a

A,8a

aa
Fx80U ,a

2
x80

2
f a,02

1

2

d fa
ds

1
1

2 (
g

f g,ax8
gG , ~37!
he
s.
a
d
-

-
-
e

Ha
a5~x80!2

U ,aa

aa
1Bx80S 11x8a f a2

~x8a!2

x80
aaD

1x80x8aS dA,8a

ds
22A,aD

1
~x80!2x8a

2 (
bÞa

A,8b

ab
~ f a,b2 f b,a!

1
~x80!2

4aa
(

bÞa

1

ab
~ f a,b2 f b,a!22

x80

aa

d fa,a
ds

1
x80

aa
(
b

f b,aax8
a, ~38!

H0
a5Bx80~x80f a2x8aaa!1~x80!2S dA,8a

ds
22A,aD

1
~x80!3

2 (
bÞa

A,8b

ab
~ f a,b2 f b,a!, ~39!

Ha
05~x80!2

U ,0a

aa
23x80x8aA21Bx8aS 2Tx802(

b
f bx8

bD
1x80x8aS dA,80ds

22A,0D1
x80

aa
F(

b
~ f b,0ax8

b!

2
dU,a

ds G1
1

2aa
(
b

x8bS d fa,bds
2
d fb,a
ds D

2
x80x8a

4aa
(
b

1

ab
~ f a,b2 f b,a!2

1x80x8aH(
b

A,8b

ab
FU ,bx8

02
x80

2
f b,02

1

2

d fb
ds

1
1

2 (
g

~ f g,bx8
g!G J , ~40!

Ha
b5~x80!2

U ,ab

aa
1Bx8a~x80f b2x8bab!1x80x8a

3S dA,8b

ds
22A,bD2

~x80!2x8a

2

A,8a

aa
~ f a,b2 f b,a!

1
x80

aa
F(

g
f g,abx8

g2
1

2 S d fa,bds
1
d fb,a
ds D G . ~41!

Because the antisymmetry propertyKjhk
i 52Kjkh

i of the cur-
vature tensor, the determinant det(Hi

j) vanishes and

Hi
jx8

j50, ~42!

as expected, so thatx8 is an eigenvector ofHi
j with an

eigenvalue zero. The trace ([Hi
ı) of the stability tensor is

one of the synthetic indicators of instability@3,4# involved in
the geodesic deviation equation for the norm of the per
bation and it is useful when the dynamical system un
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consideration has many degrees of freedom. As in Riema
ian geometry, the trace is theRicci curvaturealong the geo-
desic flow. Indeed,

Ric~ai !5
def

Kjki
i ajak ~43!

~see, e.g.,@5~a!#, p. 131! and if ai[x8 i , then Ric(ai)[Hi
i

@3#. Its formula is

Hi
i5nx80B1

~x80!2

4 (
a

(
bÞa

~ f a,b2 f b,a!2

aaab
1~x80!2D*U

1x80(
a

x8aD* f a2x80(
a

1

aa

d fa,a
ds

. ~44!

The other meaningful geometrical stability indicators a
the eigenvaluesl (A) of the stability tensor, whereA
50,1,...,n label different eigenvectors. As in Riemannia
geometry, each eigenvalue is the sectional curvature of
two-surface determined by the tangent to the flow and
normalized eigenvectorX(A)

i of Hi
j associated withl (A) . In

fact,

K ~2!~x8 i ,X~A!
i !5Kjihkx8

j x8hX~A!
i X~A!

k 5gilH
ı
kX~A!

l X~A!
k

5l~A! . ~45!

The eigenvalue corresponding to the eigenvector along
geodesic flow is zerol (0)50, while the others can be ex
pressed in the form

l~n!5x80B1
~x80!2

4n (
a

(
bÞa

~ f a,b2 f b,a!2

aaab
1x80s~n! ,

~46!

wheres (n) are the eigenvalues of a matrixDa
b , whose ele-

ments are

Da
b5

1

aa
•FU ,abx8

01(
g

f g,abx8
g2

1

2
•S d fa,bds

1
d fb,a
ds D G .

~47!

The matrixDa
b is equivalent to the Hessian matrix of th

potential, involved in the tangent dynamics. In the conser
tive case, with a standard kinetic form, since the Lagrang
does not depend on time,aa51 and f a50, Da

b is just the
Hessian matrix of the potentialU(xa), apart from a factor
x80. Finally, we list the covariant components of the stabil
tensor in a Finsler spaceHi j[Hji @5#,

H005(
a

f a,00x8
a1

2T

~x80!2
B1

1

x80 (
a,b

U ,ab~x8a!2

2(
a

x8a

x80
d fa,0
ds

1
T

2x80 (
a

(
bÞa

~ f a,b2 f b,a!2

aaab
,

~48!
n-

he
e

e

-
n

Haa5x80U ,aa1(
b

f b,aax8
b1aaB2

d fa,a
ds

1
x80

4 (
bÞa

~ f a,b2 f b,a!2

ab
, ~49!

H0a5x80U ,0a1(
b

f b,0ax8
b2aa

x8a

x80
B2

dU,a

ds

1
1

2x80 (
bÞa

x8bS d fa,bds
2
d fb,a
ds D

2
x8a

4 (
bÞa

~ f a,b2 f b,a!2

ab
, ~50!

Hab5x80U ,ab1(
g

f g,abx8
g2

1

2 S d fa,bds
1
d fb,a
ds D . ~51!

C. Discussion

The instability properties of a dynamical system are d
scribed by the geodesic deviation equation~7!. In analogy
with the Lyapunov exponent~see, e.g.,@12#!, we define an
instability exponent given by

d I5 lim
s→`

lim
z~0!→0

F1s ln z~s!

z~0!G , ~52!

wherez(s)[izi(s)i5Agi j zizj is the norm of the perturba
tion with respect to the Finsler metric. The exponentd I is a
measure of the asymptotic growth rate of the perturbation
a given geodesic. An alternative approach is to calculatn
instability exponents, one associated with each componen
the perturbationzi in a basis chosen normal to the geode
flow, since the tangential component increases almost
early@see Eq.~42!# with the times. If there is an exponentia
divergence of nearby geodesics, at least one of these com
nents exhibits a positive instability exponent.

When the system has many degrees of freedomn@1, one
approach is to analyze an approximate version of the geo
sic deviation equation

d2z

ds2
1
Hi

i

n
z50 ~53!

involving the trace of the stability tensor@3,4# and the ordi-
nary derivative of the normz of the perturbation. When the
system has a few degrees of freedom, it is necessary to s
the full system of equations in whichzi is expressed in a
particular basis, since the averaging procedure implied
Eq. ~53! can mask the sources of instability.

IV. APPLICATIONS AND EXAMPLES

In this section we show some paradigmatic examples
which we apply the Finsler geometrical description. In t
first example we discuss the instability behavior of a re
nant oscillator whose features are well known, so that i
possible to compare the results of our method with th
obtained by analytical approximations of the tangent dyna
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ics. Although this is a very simple example, nevertheless
purpose is to show how we can get insights into the sou
of instability ~and possibly of chaos! in the geometric frame-
work. In the last part of this section we give a geometri
description of the dynamics of the Bianchi IX cosmologic
models and, finally, of the restricted three-body problem.
show that in both cases the Finsler geometry is particul
suited to the description of the dynamical properties and
lows one to attach an intrinsic meaning to the results.

Let us now compare the thoroughly studied Jacobi me
with the Finsler metric in the case of conservative syste
with n degrees of freedom. At variance with the Jacobi m
ric in which the conformal factor is the kinetic energy, in th
Finsler metric it is given by the Lagrangian. As it has be
shown in@3,4#, the evolution of~the norm of! a perturbation
to a geodesic in the Jacobi metric, for a system withn de-
grees of freedom, is governed in a first approximation~which
becomes better and better asn increases! by the Ricci cur-
vaturealong the flow, given by

HJ5
1

2W2 H DU1
~¹U !2

W
1~n22!

3F12 S dUdsJD
2

1W
d2U

dsJ
2 G J , ~54!

whereW[E2U is the kinetic energy~E andU being the
total and the potential energies, respectively!. Analogously,
the synthetic indicator of stability for a Finsler geodesic
the trace ofHi

j :

tr HF5t82DU1nt8
d2U

ds2
1nt82S dUds D

2

, ~55!

where t851/L is the inverse of the Lagrangian. The diffe
ences between the trace ofHF and the trace ofHJ consist in
the absence of the gradient and, more relevant, in the p
ence of the Lagrangian instead of the kinetic energy. Ow
to the gauge freedom in the definition of a Lagrangian, wh
allows one to make it always sign definite~i.e., never van-
ishing!, the Finsler metric is well suited in the case of a fe
degrees of freedom dynamical systems and even more w
the system is near integrability, as in both cases the poss
ity that the kinetic energy vanishes giving a singularity in t
conformal factor of the Jacobi metric is not negligible; th
can be avoided working in a Finsler manifold.

A. Resonant oscillator and numerical results

As a first application, we study a one-dimensional syst
with time-dependent potential

U~x,t !5 1
2v2~ t !x2. ~56!

Though this is a fairly simple example whose behavior c
be determined with high accuracy by analytical approxim
tions @13#, nevertheless, it allows us to understand
mechanism that governs the exponential instability. As it
been also found in other ‘‘realistic’’ cases of intere
@4,5~b!,10,14–16#, in the corresponding geometric picture
dynamics instability does not originate from the negativity
ts
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the curvatures, as it has been argued before, but is gene
caused by a parametric resonance due to the rapid fluc
tions of positive curvatures.

For the system we are discussing, the Finsler manifold
a two-dimensional manifold whose metric is derived fro
the homogeneous Lagrangian

L5
~x8!2

2t8
2U~x,t !t8. ~57!

The covariant components of the metric are

gtt5
3

4

~x8!4

~ t8!4
1U2,

gxx5
3

2

~x8!2

~ t8!2
2U,

gtx52
~x8!3

~ t8!3
. ~58!

Because we are dealing with a two-dimensional manifo
the geodesic deviation equation reduces to

d2zi

ds2
50, ~59a!

d2z'
ds2

1lz'50, ~59b!

where the sectional curvaturel of the two-dimensional sur-
face determined by the direction of the geodesic flow and
a normal vector is now the only nonvanishing eigenvalue
the stability tensor and has the expression

l5Bt81~ t8!2U ,xx5t8U ,xx@ t81~x8!2#1
~ t8!3

2
U ,tt

1
3

2
U ,tx~ t8!2x81~ t8!2U ,x

2
„3~x8!22t8…1

3

4
~ t8!4U ,t

2

13~ t8!3x8U ,xU ,t . ~60!

The possible instability behavior of the system is describ
by the second of equations~59!, giving the evolution of a
perturbation normal to the geodesic flow.

Let us now consider the expression for the angular f
quencyv(t) @13#,

v2~ t !5v0
2@11h cosgt#, ~61!

whereh!1 and

g52v01e, e!v0 . ~62!

In this case it is possible to obtain an analytic approxim
expression for the instability exponentx from the tangent
dynamics equation

x5
1

2 F S hv0

2 D 22e2G1/2. ~63!

From this it follows that parametric resonance occurs wh
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uhv0u.u2eu, ~64!

whenx is real and positive.
We apply the geometrical method of Finsler spaces to

very simple system and perform a numerical integration
the geodesic equations and of Eq.~59b!. In order to have a
positive-definite Lagrangian along the trajectory, it is nec
sary to add to the potential a constant whose magnitude
pends on the integration time, which in turn should be lo
enough to get the asymptotic convergence of the instab
exponent. As a check of the integration of the geodesic eq
tions, we also numerically integrate in parallel the tang
dynamics equation and calculate the numericalxN exponent,
obtaining results in excellent quantitative agreement with
~63!. The time behavior ofxN exponents, for different value
of h ande with v051, is shown in Fig. 1. In Fig. 2 we show
the behavior of the numericald I exponents defined in Eq
~52! as functions of the times, for the same cases of Fig. 1
Both the positive and zero values ofd I are in good qualita-
tive and quantitative agreement with thex estimate given by
Eq. ~63!. In Fig. 3 we show the rate of growth of the pertu
bationz(s)/z0 for an unstableorbit with h50.1 ande50.0
@Fig. 3~a!# and for astableorbit with h50.1 ande50.1 @Fig.
3~b!#. In the first case the exponential behavior is clear, wh
in the second the perturbation oscillates aroundz0 .

In order to test the reliability of the approach, we reco
sider here the geometrical interpretation of the mechani
which generates an exponential divergence of nearby or
and compare it with its well-known dynamical interpretatio
In all the cases shown above the curvaturel given by Eq.
~60! is a positive oscillating function with mean valuel
equal to 1 and amplitude equal toH.h. Equation~59b! is a
Hill equation @17# in which l is a positive time-dependent
angular frequency, so it can lead to an exponentially div
gent solution if the condition for parametric resonance
satisfied. In fact, writing

FIG. 1. t-time behavior of thexN instability exponent~from the
tangent dynamics! for the resonant oscillator in the casesh50.1
ande50.0,0.02,0.1,0.4. Units are chosen in order to havev051.
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l~s!5l̄@11H cos~Gs!#, ~65!

in whichG is the angular frequency ofl(s), and remember-
ing the resonance condition equation~64!, an unstable orbit
is characterized by

G52l̄1E, ~66!

with uEu,H•l̄/25H/2. For the cases discussed aboveH
.h50.1, so uEu,0.05 and it follows that the exponentia
divergence occurs when

2l̄2E,G,2l̄1E. ~67!

Setting f5G/2p, the condition on the frequencyf for para-
metric resonance is

0.310 35, f,0.326 27. ~68!

In Fig. 4 we have shown the spectrumV( f ) of l(s) in four
cases withh50.1 ande50.0,0.02,0.1,0.4. The ‘‘resonan
band’’ for which relation~68! is fulfilled is also indicated by
two vertical lines at 0.310 35 and 0.326 27. From this figu
it is clear that an unstable orbit occurs when the spectrum
l(s) shows a maximum in the resonant band.

Summarizing, from the integration of the geodesic dev
tion we conclude that the geometrical description gives
sults in perfect agreement with the tangent dynamics,
these results are an intrinsic property of the system and
not depend on the time gauge chosen; the unstable beh
is caused byparametric resonanceand not by negative val-
ues of the curvaturel; and from Fig. 4 it is clear that insta
bility is present when the frequency ofl is twice the average
value l̄(s), thus satisfying the resonance condition.

FIG. 2. s-time behavior ofd I exponents@from Finsler’s geode-
sic deviation equation~59!# for the resonant oscillator in the case
h50.1 ande50.0,0.02,0.1,0.4. Units are the same as in Fig. 1.
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B. Bianchi IX cosmological models

The controversial outcomes on the possibly chaotic na
of Bianchi IX dynamics have been subject of debate in
past two decades. The source of these discrepancies reli
the choice of the time variable adopted. As it is difficult
establish ana priori best variable for this~and a similar!
problem, we argue that the use of Finsler geometrization
dynamics is the most appropriate framework in which a m
intrinsic description can be worked out. Indeed, as it h
been already recalled in the introduction and as it is clea
stated in the~few! textbooks on the topic~see@5a#!, one of
the main features of the Finsler spaces is related to the
quirement of invariance under rescaling of the time para
eter. This property makes favorable the Finslerian setting
the discussion of an intrinsic characterization of the qual

FIG. 3. Evolution of a perturbation compared with its initi
value as a function of the affine parameter corresponding to~a! h
50.1 ande50.0 ~unstable orbit! and~b! h50.1 ande50.1 ~stable
orbit!. Units are the same as in Fig. 1.
re
e
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of
e
s
ly

e-
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-

tive dynamic behavior of relativistic systems, in which th
choice ofthe timeis highly arbitrary.

So the wide applicability of the Finsler geometrodyna
ics is strikingly evident in the case of the Bianchi IX mode
for which the vanishing Hamiltonian is@7#

H5
~b1,t!

2

2
1

~b2,t!
2

2
2

~a ,t!
2

2
1U~a,b1 ,b2!50, ~69!

where

U5 1
8e

4a$ 1
3e

28b12 4
3e

22b1 cosh~2)b2!

1 2
3e

4b1@cosh~4)b2!21#%, ~70!

b1 , b2 , anda are functions of the scale factorsa, b, and
c of the mixmaster universe, the derivatives means differ
tiation with respect tot ~dt5dt/abc, t is the proper time!,
andU is the potential of the system. The constraintH50 is
a consequence of the covariance of the general relati
whose field equations are

d2a

dt2
5U ,a ,

d2b1

dt2
52U ,b1

,

d2b2

dt2
52U ,b2

. ~71!

Note that for this system the kinetic part is not positive de
nite and the related singularities have been the main so
of criticism against the use of Jacobi geometrization@9#. The
present approach overcomes all these troubles.

FIG. 4. Spectrum of curvaturel against frequency in severa
cases. In the figure the lower and the upper limits given by
resonance condition~68! have been indicated. The spectra with
maximum in the resonant band correspond to the unstable orbi
Figs. 1 and 2. Units are the same as in Fig. 1.
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We can construct the homogeneous Lagrang
@10,5~b!,16#

L5
1

2t8
~a822b18

22b28
2!2W~a,b1 ,b2!t8, ~72!

where

W~a,b1 ,b2!52U~a,b1 ,b2!1c, ~73!

in which the gauge is fixed by the choice of the~negative!
constantc, added in order to have a positive Lagrangian,
that t8.0. Note that

t85
dt

ds
5

1

LS xi , dxids D
5
1

L , ~74!

where

L52
~b1,t!

2

2
2

~b2,t!
2

2
1

~a ,t!
2

2
2W~a,b1 ,b2!.0. ~75!

We evaluate the covariant and the contravariant me
arriving at the expressions for the geodesic equations, wri
in terms of the affine parameters,

b69 52
]U

]b6
t821

b68

t8
t9,

a95
]U

]a
t821

a8

t8
t9,

t9522t82
dU

ds
. ~76!

These equations, when rewritten in terms of the timet, re-
duce to Eqs.~71!. In addition to Eqs.~71!, we have to con-
sider the constraintH50 @Eq. ~69!#.

For the geodesic deviation equation, we calculate
trace of the stability tensor

trHF5trHi
j5t82D*U23t8

d2U

ds2
13t82S dUds D

2

, ~77!

where

D*U5
]2U

]b1
2 1

]2U

]b2
2 2

]2U

]a2 . ~78!

In the expression~77! for the trace of the stability tenso
there is a positive term and two terms whose sign is
definite. This seems to suggest that, also in this partic
dynamical system, the origin of the dynamical instability
not ~or not only! related to the negativity of~some! curva-
ture, but rather to the fluctuations of the geometric quanti
~see, e.g.,@3,4,10,5~b!#!. If this is the case, nothing can b
said about the relationship between the instability time sc
of trajectories and relaxation properties of the system.

Now use the constraint~69! and Eq.~73! for the potential
W to reexpress the LagrangianL defined by Eq.~75! in
terms of
n

o

c,
n

e

t
ar

s

le

L52U2c, ~79!

from which, remembering Eq.~74!, it follows that

t85
1

L5
1

2U2c
. ~80!

The value of constantc is determined in order to hav
t8.0 so that the trace of the stability tensor~77! never
diverges.

In order to compare the Finsler metric with the Jaco
one, we also calculated the trace of the stability tensor in
Jacobi metric for this dynamical system@3,8,9–10,5~b!#

trHJ5
1

2T 2 FD*U1
~¹*U !2

T 1
1

2 S dUds D
2

1T
d2U

ds2 G , ~81!

where

T5
~b1,t!

2

2
1

~b2,t!
2

2
2

~a ,t!
2

2
. ~82!

In contrast to Eq.~77!, there is now also the term

~¹*U !25S ]U

]b1
D 21S ]U

]b2
D 22S ]U

]a D 2. ~83!

It is clear why the Jacobi metric cannot work properly: t
trace diverges when the ‘‘kinetic energy’’~or the potential
U! vanishes and this happens infinitely many times~and not
only on the boundary of the region of motion! going towards
the singularity. This does not occur in the Finsler manifo
introduced above.

We can better understand this by considering the line
ement of the Jacobi and Finsler metrics

dsJ52&Udt, ~84!

dsF5Ldt5~2U2c!dt. ~85!

Thus, whiledsJ50 if T50 ~and this cannot be avoided b
adding a constant!, this does not happen fordsF because in
this case the conformal factor is the Lagrangian of the s
tem, to which we can add a gauge function without chang
the equations of motion.

Finally, we also make a brief comment on the use of
scalar curvature in order to test the instability properties
the geodesic flow. As it is clear from previous works~see,
e.g., @3,4,10,5~b!#!, the average scalar curvature often h
nothing to do with the instability properties of dynamic
except when it is constant and negative. Numerical simu
tions have been performed in order to estimate averages
fluctuations of geometrical quantities related to the Finsler
transcription of Bianchi IX dynamics and to compare the
with the qualitative behavior of its solutions. These resu
will be presented elsewhere@16#.

C. Systems with a potential linearly depending on velocities:
The restricted three-body problem

One of the most important applications of the Finsler g
ometry in the description of the chaotic properties of t
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Lagrangian systems is in the case in which the potential
pends on both coordinates and velocities, because for t
systems the Jacobi and Eisenhart metrics cannot be app
As an illustrative example we show how the restricted thr
body problem can be described in the Finsler geometr
approach. In this case, there are two degrees of freedom
an effective potential given by~in the rotating coordinate
system; see@18#, p. 242!

Ueff5U~x,y!2xẏ1yẋ,

U~x,y!52
1

2
~x21y2!2

12m̄

r1
2

m̄

r2
, ~86!

wherem̄ is the smallest mass@18,19# and

r15A~x1m̄ !21y2, r25A~x1m̄21!21y2. ~87!

The Lagrangian is given by

L5
1

2
~ ẋ21 ẏ2!1~xẏ2yẋ!2U~x,y!, ~88!

from which one obtains the homogeneous Lagrangian

L5
1

2t8
~x821y82!1~xy82yx8!2U* ~x,y!t8, ~89!

whereU* (x,y) is the potentialU with the addition of an
arbitrary gauge function that gives a positive-definite L
grangian. Expressions for the covariant components of
metric tensor follow from Eqs.~24!–~27!,

gtt5
3T2

t84
1U* 21

2T

t83
~2x8y1y8x!,

gxx5S x8t8 2yD 21 L

t8
,

gyy5S y8

t8
1xD 21 L

t8
,

gtx52S Tt82 1U* D S x8t8 2yD2
x8

t82L
,

gty52S Tt82 1U* D S y8

t8
1xD2

y8

t82L
,

gxy5S x8t8 2yD S y8

t8
1xD , ~90!

where T5(x821y82)/2. Evaluating expressions~33! and
~34! leads to

A5
dU*

ds
1xx81yy82

t8

2
~U* ,xy2U* ,yx!,

B5
dA

ds
1t8A2, ~91!

so that the eigenvalues of Eq.~46! evaluate to
e-
se
ed.
-
al
nd

-
e

l~a!5Bt81~ t8!21~ t8!2m~a! , a51,2, ~92!

wherem (a) are the eigenvalues of the Hessian matrix of t
potential. The trace of the stability tensor is

Hi
i5t8DU*12t8FdAds1t8A2G12t82, ~93!

while the covariant components are given by

Htt52
T

~ t8!2
~B1t8!1

1

t8
@U* ,xx~x8!21U* ,yy~y8!2

12U* ,xyx8y8#,

Haa5B1t81t8U* ,aa ,

Hta52
x8a

t8
~B1t8!2

dU* ,a
ds

,

Hxy5t8U* ,xy . ~94!

In this way the dynamics is reduced to a geodesic flow o
Finsler manifold. The numerical results relevant to the c
otic nature of this system are presented elsewhere@15#

V. CONCLUSIONS AND FUTURE WORK

In this paper we have developed a formalism suited
extending the geometrical approach to the description
chaos in a class of manifolds larger than the Riemannian
and as a consequence for more general dynamical syst
In this wider setting we have evaluated the quantities
volved in the geodesic deviation equation, which is the na
ral tool for the study of the stability properties of the geod
sic flow. The greater generality of Finsler geometry w
respect to the Riemannian one manifests itself in allow
the description of a wider class of Lagrangian systems,
cluding those with an indefinite kinetic structure, as tho
coming from the theory of general relativity. For such a cla
of dynamical systems the geometrical description is parti
larly helpful because it provides a natural way to introdu
quantities with an intrinsic meaning that are well suited
describing the chaotic or regular properties of the motions
the system, i.e., not depending on the choice of coordin
adopted.

The need and the importance of a gauge-independent
ture is indispensable in the case of the Bianchi IX cosm
logical models, for which many authors@7,9# have explicitly
attributed the origin of the controversial results on the nat
of their dynamics to the time-gauge-dependent methods
criteria adopted. The results of our studies on the topic in
framework of the Finsler geometry will appear elsewhe
@16#.

The wider applicability of Finsler geometry even in cla
sical mechanics also relies on the nature of the confor
factor, which is nothing but a Lagrangian of the dynamic
system, and this allows one to overcome the main shortc
ing of the Jacobi metric for systems with a few degrees
freedom or described by an indefinite kinetic structure.
deed, while the singularities of the Jacobi metric on~or in-
side! the boundary of the region of allowable motions cann
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be avoided, the gauge freedom allows one to add to the
grangian a total time derivativedG/dt, which cancels any
possible singularity, leaving unchanged the equations of
tion for the system. This further advantage of the Fins
approach is important since the chance of a vanishing kin
energy is not negligible, and this is clearly the case for cl
sical dynamical systems with a few degrees of freedom
well as for relativistic dynamical systems, whose kinetic p
is indefinite.

Finally, we remark that the analysis presented here
generalization of the geometrical approach to dynamics p
sued in previous works@3,4#, whose goal was the attempt t
find a relationship between the occurrence of chaotic dyn
ics and the curvature properties of the underlying manifo
We have shown how the analysis can be carried out fo
i-
-
re

.

s

s
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a

simple and well understood dynamical system whose cha
behavior is due to parametric resonance. In a series of fo
coming papers@14–16#, we plan to show that the mechanis
responsible for the onset of chaos is usually very subtle, e
for systems with a few~two or three! degrees of freedom
and is always related to the properties of the fluctuating c
vatures around their average positive values, only margin
to the frequency of occurrence of negative values, and ne
to an average negative value. When the number of degree
freedom is small, the analysis gets increasingly more
volved as the number increases, and only when it beco
very large can some simplifying assumptions be ma
@3,4,10,5~b!#, based on statistical considerations~essentially
on the central limit theorem!.
o,
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